We give a short introduction to Cohomological Hall algebras of quivers and describe the semistable Cohomological Hall algebra of central slope of the Kronecker quiver in terms of generators and relations.
Generalities on Cohomological Hall algebras
The Cohomological Hall algebra was introduced by Kontsevich and Soibelman in [9] . There are various levels of generality in which a Cohomological Hall algebra can be defined. There is the critical Cohomological Hall algebra of a quiver with a potential which is also introduced in [9] and has been studied for example in [2] , [12, 13] , [15] . There are also versions of the Cohomological Hall algebra of sheaves on a curve or a surface, as studied in [8] or of Higgs sheaves [11] .
In this work, we concentrate on (semistable) Cohomological Hall algebras of quivers. The aim of this section is to recall their definition as well as some structural results.
Definition of the Cohomological Hall algebra of a quiver
Let Q be a finite quiver with set of vertices Q 0 and set of arrows Q 1 . For an arrow α ∈ Q 1 the source and target of α are denoted by s(α) and t(α), respectively. For a dimension vector d ∈ Λ + = NQ 0 ⊆ Λ = ZQ 0 , we define
which we regard as an affine space. Its points correspond to complex representations of Q of dimension vector d. The linear algebraic group G d = i∈Q 0 GL d i (C) acts on R d via base change, so that the orbits for this action correspond to the isomorphism classes of representations of dimension vector d.
On the Λ + -graded Q-vector space of equivariant cohomology groups 1.2 Symmetric case a product, denoted * , can be defined using pull-back and push-forward operations. Together with this product, H(Q) is an associative algebra, naturally graded by Λ + . It is called the Cohomological Hall algebra. The product resembles the convolution product of the Ringel-Hall algebra of a quiver of [10] . As we will not use the definition of this convolution-like product we refer to [9, 2.2] for details and instead recall the algebraic description of the multiplication of [9, Thm. 2] . The homogeneous component of degree d of the algebra H(Q) is given by
and the multiplication is given by a shuffle product with kernel:
where the sum ranges over all tuples
In the above formula , denotes the Euler form of Q. This is the Z-bilinear form on
. Moreover e i ∈ Z Q 0 is the i th coordinate vector.
Symmetric case
The Cohomological Hall algebra has particularly nice properties if the quiver Q is symmetric, which means that its Euler form is a symmetric bilinear form. In this case, the algebra H(Q) is graded by the semi-group Γ = Λ + × Z by defining
It is possible to find a bilinear form ψ on Z/2Z Q 0 in such a way that the twisted multiplication [9, 2.6] . Efimov proves in [5] a conjecture of Kontsevich and Soibelman that H(Q), equipped with the twisted multiplication, is isomorphic to the graded symmetric algebra Sym * (V ) for a Γ-graded vector space V which is of the form
, where z lives in degree (0, 2). The Poincaré series of V prim encodes the motivic Donaldson-Thomas invariants of Q. In fact, this was the first proof of the positivity conjecture for Donaldson-Thomas invariants of a symmetric quiver.
Semistable Cohomological Hall algebra
For general Q, the structure of H(Q) can be analyzed using semistable Cohomological Hall algebras: We choose a stability function Θ ∈ Λ * . For d ∈ Λ + \{0} the rational number
with the convolution structure induced by the one on H(Q), called the Θ-semistable Cohomological Hall algebra of Q for slope µ. It is shown in [6, Thm. 6.2] that the Harder-Narasimhan filtration of representations of Q induces an isomorphism of Λ + -graded vector spaces
In case the Euler form _, _ Q of Q is symmetric when restricted to Λ + µ , good structural properties of H Θ µ (Q) are expected; however, even in simple cases it is no longer (graded) commutative. In [3, Thm. C], Davison and Meinhardt prove (in a more general context) a PBW type theorem for H Θ µ (Q). They show the existence of a filtration (the perverse filtration) on H Θ µ (Q) whose associated graded is a graded symmetric algebra.
Generators
There are several geometric interpretations of the generators of the Cohomological Hall algebra. For instance, Chen identifies in [1] the primitive part of the Cohomological Hall algebra of a symmetric quiver with the invariant part under a Weyl group action of the cohomology of a variety introduced in [7] . Another interpretation can be given as follows. Denoting by R 
where the sum ranges over all decompositions
. This describes the quotient of the algebra H Θ µ (Q) by the square of the augmentation ideal
(Q)) Q of the stable locus in the sense of [4] .
Presentation
The key to describing the semi-stable Cohomological Hall algebra explicitly in terms of generators and relations (which will be worked out in the case of the Kronecker quiver in the following sections) is the following tautological presentation for H Θ µ (Q):
There are three examples in which an explicit description of the Cohomological Hall algebra in terms of generators and relations is known, namely for the quivers A 1 (one vertex and no arrows), L 1 (one vertex, one arrow), andÃ 2,0 (two vertices and two arrows of opposite orientation). The first two examples were already discussed in [9, 2.5], the latter in [6, 10.1] . All these quivers are symmetric whence we know by Efimov's theorem that their Cohomological Hall algebra is a graded symmetric algebra. For Q = A 1 , the Cohomological Hall algebra as a vector space is H(
is hence given by assigning to each x i the degree 2 and letting
The sum ranges over all
We see that this multiplication is anti-commutative, whence f * f = 0. This induces an algebra homomorphism
the exponent refers to the usual multiplication of polynomials and not to the multiplication in the Cohomological Hall algebra). The elements ψ 0 , ψ 1 , ψ 2 , . . . form a homogeneous basis of H(A 1 ). It is easy to see that for integers 0 ≤ k 1 < . . . k d we get
and s λ is the Schur function associated with the partition λ. This shows that the induced homomorphism
is surjective and a comparison of the generating functions of these two algebras yields that the surjection must be an isomorphism. So
as N × Z-graded algebras, where Q(d, i) denotes a one-dimensional vector space in degree (d, i) and z is an element of degree (0, 2). The Cohomological Hall algebra of the quiver Q = L 1 with one loop is as a vector space again
as the Euler form vanishes the N × Z-grading is given by
The multiplication is given by
The multiplication is commutative which shows that we obtain a homomorphism
where m λ is the monomial symmetric function associated with the partition λ = (k 1 , . . . , k d ) and c λ is a positive integer. This shows surjectivity of S * (ψ 0 , ψ 1 , ψ 2 , . . .) → H(L 1 ). As the generating series of these algebras agree the map is an isomorphism. Therefore
as N × Z-graded algebras. Again z is of degree (0, 2). For the quiverÃ 2,0 of affine typeÃ 1 with the cyclic orientation, an explicit presentation can be determined by decomposing it into its semistable parts. the choice of an appropriate stability condition yields a tensor product decomposition (as Λ + × Z-graded algebras) into three factors, two of which are isomorphic to the Cohomological Hall algebra of A 1 and the other being isomorphic to
as Λ + × Z-graded algebras and z of degree (0, 2).
The case of the Kronecker quiver
We now specialize the above results to the Kronecker quiver Q = K 2 with vertices i and j and two arrows from i to j for the stability 
is isomorphic to a countably generated exterior algebra for d of the form (n, n + 1) or (n + 1, n) for n ≥ 0, and that H Θ µ (K 2 ) is zero if µ is neither zero nor of the form n/(2n ± 1) for n ≥ 1. It thus remains to determine the structure of H Θ 1/2 (K 2 ). We denote this algebra simply by A; it is N-graded by A n = H Θ 1/2 (K 2 ) (n,n) . It is already known that there is an isomorphism of N-graded vector spaces
with the generating vector space in degree 1. Our main result is:
The algebra A is generated in degree 1 by generators e n for n ≥ 0 and f n for n ≥ 1, subject to the relations
in terms of generating series
More explicitly, these identities are equivalent to the following relations:
[e p , e q ] * = 2(e p * f q + e p+1 * f q−1 + . . .
From these defining relation we see that A is a filtered algebra, with the filtration induced by the degree function deg(e i ) = 1 and deg(f i ) = 0 for all i, such that the associated graded is the symmetric algebra of A 1 .
Proof of Theorem 1

Idea of the proof
Since R Θ−st (n,n) (K 2 ) = ∅ for n ≥ 2, the tautological presentation of Section 1.5 yields that
for n ≥ 2. By induction over n, we find that A n is generated in degree 1. We will prove the following property in the next section:
There exists an ordered basis (b i ) i∈I for A 1 such that
This implies that every A n is linearly generated by the monomials b i 1 · . . . · b in for i 1 ≤ . . . ≤ i n in I. By the above result, this implies that these monomials already form a linear basis of A n . This in turn implies that A is generated by the b i subject to the relations
Computations
To compute relations in A, we first describe some of the multiplication maps in A(K 2 ) more explicitly using the above algebraic description as a modified shuffle product: As above, we identify
Lemma 2. We have:
• The multiplication map
We thus find A 1 ∼ = Q[x, y]/(y − x) 2 , for which we choose the basis e n = x n for n ≥ 0 and f n = x n−1 (y − x) for n ≥ 1. We define generating series 
Proof. We first note that
and similarly for the series F . We have
.
Exchanging the variables X and Y , we find
On the other hand, we have
, from which the first claimed relation follows. The second relation is proved similarly, so we omit some intermediate steps.
On the one hand, we have
and on the other hand
, and the claimed relation follows. To prove the third relation, we first proceed similarly to the previous computations to arrive at
This element is non-zero in
, but we claim that it belongs to the image of the multiplication map
Namely, by the above description of this map, we find
as claimed. The lemma is proved.
We would now like to understand which relations between the individual basis elements e n , f n result from the above identities of generating series. We have
Thus for p < q, we find the relations [e p , e q ] * = 2(e p * f q + e p+1 * f q−1 + . . . + e q−1 * f p+1 ).
The same calculation for the second type of relation leads to
Finally, we have [f p+1 , f q+1 ] * = 0 for all p < q. We can now finish the proof of the theorem: ordering the basis elements as e 0 , e 1 , e 2 , . . . , f 1 , f 2 , . . . , we see that the above relations allow us to reorder any given product of the generators into a monomial in standard ordering.
Further descriptions
In this section, we indicate three alternative descriptions of the algebra A in order to better understand the nature of its defining relations.
Twisted symmetric algebra
For a vector space V and an operator c ∈ End(V ⊗ V ) such that c 2 = id, we can define the c-twisted symmetric algebra − id) ).
In the case of the flip operator c(v ⊗ w) = w ⊗ v, we get the usual symmetric algebra. If c moreover satisfies the quantum Yang-Baxter equation
the algebra Sym c (V ) is called a braided symmetric algebra.
Theorem 4.
The algebra A is isomorphic to Sym c (A 1 ) for the operator c defined on the formal series E(X) and F (X) by
Proof. We abbreviate E(X, Y ) = Y E(Y ) − XE(X), and similarly F (X, Y ). Then
With a similar computation we find c(
proving c 2 = id. The defining relations of Sym c (V ) are then given by
Comparing this with the defining relations of A, it suffices to prove that E(X, Y ) and F (X, Y ) commute in A. But this follows from the identity
in A, finishing the proof.
Conjecture 5. The operator c given above satisfies the Quantum Yang-Baxter equation.
Differential operators
We consider the algebra B = Q[w 1 , w 2 , . . .] and define operators e i and f i on B as follows: the operator f i acts by multiplication with w i , and the operator e i is a derivation defined on generators of B by
In more compact form, define
Then F (X) acts on B[X] via multiplication by W (X), and E(X) acts via derivations such that
Theorem 6. The algebra A acts on B via the operators defined above.
Proof. We verify that the above operators on B fulfill the defining relations of A. Since F (X) acts via multiplication on the commutative algebra B, the relation [F (X), F (Y )] = 0 is obvious. As in the previous proof, we will abbreviate W (X, Y ) = Y W (Y ) − XW (X), and similarly for E(X, Y ), F (X, Y ). Since E(X) acts by derivations, we have Conjecture 7. The subalgebra generated by the operators e i and f i inside the ring of differential operators on B is isomorphic to A.
